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KEY CONCEPTS

Set Theory |

Collection of well defined objects which are distinct and distinguishable. A collection is said to be well defined if each
and every element of the collection has some definition.

1.1 Notation of a set : Sets are denoted by capital letters like A, B, C or { } and the entries within the bracket are known
as elements of set.

1.2 Cardinal number of a set : Cardinal number of a set X is the number of elements of a set X and it is denoted by n(X)
eg. X= [X1,X2,X3] n(X) =3

Representation of Sets

2.1 Set Listing Method (Roster Method) :
In this method a set is described by listing all the elements, separated by commas, within braces { }
2.2 Set builder Method (Set Rule Method) :

In this method, a set is described by characterizing property P(x) of its elements x. In such case the set is described by
{x : P(x) holds} or {x | P(x) holds}, which is read as the set of all x such that P(x) holds. The symbol ‘| or “:’ is read
as such that.

Type of Sets |
3.1 Finiteset:

A set X is called a finite set if its element can be listed by counting or labeling with the help of natural numbers and the
process terminates at a certain natural number n. i.e. n(X) = finite no. eg (a) A set of English Alphabets (b) Set of
soldiers in Indian Army

3.2 Infinite set :

A set whose elements cannot be listed counted by the natural numbers (1, 2, 3....... n) for any number n, is called a
infinite set. e.g.

() A set of all points in a plane

(b) X={x:x € R, 0<x<0.0001}

() X={x:xeQ,0<x<0.0001}
3.3 Singleton set :

A set consisting of a single element is called a singleton set. i.e. n (X) =1,

e.g. {x:xeN,1<x<3}, {{}}:Setof null set, {d} is a set containing alphabet ¢.
3.4 Null set :

A set is said to be empty, void or null set if it has no element in it, and it is denoted by ¢. i.e. X is a null set if n(X) = 0.
e.g.: {x:x e Rand x2+2=0}, {x:x>1butx<1/2}, {x:x e R, x*< 0}

3.5 Equivalent Set :

Two finite sets A and B are equivalent if their cardinal numbers are same i.e. n(A) = n(B).

3.6 Equal Set :
Two sets A and B are said to be equal if every element of A is a member of B and every element of B is a member of
A i.e. A = B, if A and B are equal and

A = B, if they are not equal.

Universal Set




It is a set which includes all the sets under considerations i.e. it is a super set of each of the given set. Thus, a set that
contains all sets in a given context is called the wuniversal set. It is denoted by U. e.qg. If
A={1,2,3},B={2,4,56}and C={1, 3,5, 7}, then U ={1, 2, 3, 4, 5, 6, 7} can be taken as the universal set.

Disjoint Set |

Sets A and B are said to be disjoint iff A and B have no common elementor A n B = ¢. If A~ B = ¢ then A and B are
said to be intersecting or overlapping sets.

e.g. : 0] If A = {1, 2, 3}, B = {4, 5, 6} and
C = {4, 7, 9} then A and B are disjoint set where
B and C are intersecting sets. (ii) Set of even natural numbers and odd natural numbers are disjoint sets.

H Complementary Set |

Complementary set of a set A is a set containing
all those elements of universal set which are
not in A It is denoted by A, AC or A So
AC = {x : X € U but X ¢ A}. e.g. If set
A = {1, 2, 3, 4, 5} and universal set
U={1,2734,....50}then A={6,7,....50}

NOTE :

All disjoint sets are not complementary sets but all complementary sets are disjoint.

Subset

A set A is said to be a subset of B if all the elements of A are present in B and is denoted by A < B
(read as A is subset of B) and symbolically writtenas: x e A=>xeB< AcB

7.1 Number of subsets :

Consider a set X containing n elements as
{x1, X2, e , Xn} then the total number of subsets
of X=2"

Proof : Number of subsets of above set is equal to the number of selections of elements taking any number of them at a
time out of the total n elements and it is equal to 2"

"Co+"Cr+"Co+...... +"Ch=2"

7.2 Types of Subsets :

A set A is said to be a proper subset of a set B if every element of A is an element of B and B has at least one element
which is not an element of A and is denoted by A c B.

The set A itself and the empty set is known as improper subset and is denoted as A < B.

e.g. If X = {xq, X, .....,Xn} then total number of proper sets = 2" — 2 (excluding itself and the null set). The statement A
c B can be written as B o A, then B is called the super set of A and is written as B > A.

E Power Sets |

The collection of all subsets of set A is called the power set of A and is denoted by P(A)
i.e. P(A) = {x : X is a subset of A}. If

X ={X1, X2, X3, erveruens Xn} then n(P(X)) = 2"; n(P(P(x))) = 27"




n Venn(Euler) Diagrams

The diagrams drawn to represent sets are called Venn diagram or Euler-Venn diagrams. Here we represents the
universal U as set of all points within rectangle and the subset A of the set U is represented by the interior of a circle. If
a set A is a subset of a set B, then the circle representing A is drawn inside the circle representing B. If A and B are not
equal but they have some common elements, then to represent A and B by two intersecting circles.

e.g. If Ais subset of B then it is represented diagrammatically in fig.

U
B :
e.g. If Alis a set then the complement of A is represented in fig.
U
o

Operations on Sets |

10.1 Union of sets :

If A and B are two sets then union (L) of A and B is the set of all those elements which belong either to A or to B or to
both A and B. It is also defined as
AuB={x:x e Aorx e B} Itisrepresented through Venn diagram in fig.1 & fig.2

o0
Fig. (1)

o
Fig. (2)

10.2 Intersection of sets :

If A and B are two sets then intersection (n) of A and B is the set of all those elements which belong to both A and B.
It is also defined as
ANnB={x:x e Aandx e B} represented in Venn diagram (see fig.)

(e

u

10.3 Difference of two sets :




If A and B are two sets then the difference of A and B, is the set of all those elements of A which do not belong to B.

A-B

Thus, A-B={x:x e Aand x ¢ B}
orA-B={xeA;x¢B}

Clearlyxe A~-BoxeAandx ¢ B

It is represented through the Venn diagrams.

10.4 Symmetric difference of two sets :

Set of those elements which are obtained by taking the wunion of the difference of A & B
is (A — B) & the difference of B & A is (B — A), is known as the symmetric difference of two sets

A & B and it is denoted by (A A B).
Thus AAB=(A-B)u(B-A)

Representation through the venn diagram is given in the fig.

Number of Elements in Different Sets |

If A, B & C are finite sets and U be the finite universal set, then
(i) n(AuB)=n(A) +n(B) - n(A N B)
(ii) n(AUB)=n(A)+n(B) (if A & B are disjoint sets)
(iii)n(A - B) =n(A) —n(A N B)
(iv) n(AAB)=n[(A-B)u (B-A)]
=n(A) + n(B) - 2n(A N B)
(v) n(AuBuUC)=n(A)+n(B)+n(C)-n(AnB)
-nBNC)-n(AnC)+n(AnBNC)
(vi) n(A" U B’) =n(A N B)' =n(U) — n(A N B)
(vii)n(A" n B") =n(A u B)' =n(U) — n(A U B)

Cartesian Product of two Sets |

Cartesian product of A to B is a set containing the elements in the form of ordered pair (a, b) such thata € Aand b e
B. It is denoted by A x B.

ie. AxB={(@ b):acAandb e B}

= {(as, b1),(as, b2),(az, b1),(az, b2),(as, bs),(as, b2)}
If set A = {ai, a, as} and B = {by, by} then

A x B and B x A can be written as :




AxB={(ab):aeAandb e B} and
BxA={(b,a);beBandac A}
Clearly A x B = B x A until A and B are equal

Note :
1. If number of elements in A : n(A) = m and
n(B) = n then number of elements in
(AxB)=mxn

2. Since A x B contains all such ordered pairs of the type (a, b) such thata € A & b € B, that means it includes all
possibilities in which the elements of set A can be related with the elements of set B. Therefore, A x B is termed as
largest possible relation defined from set A to set B, also known as universal relation from A to B.

Algebraic Operations on Sets |

13.1 Idempotent operation :

For any set A we have (i) A v A = A and
(iANA=A
Proof :

MHAUVUA={x:xeAorxe A}={x:x e A}=A
(iIMANA={Xx:xe A&XxeA}={x:x e A}=A
13.2 ldentity operation :
For any set A, we have
i) Aud=Aand
(i) AnU=Ai.e.$and U are identity elements for union and intersection respectively
Proof :
MHAud={x:xeAorx e ¢}
={x:xe A} =A
(i AnU={x:xeAand x € U}
={x:xeA}=A
13.3 Commutative operation :
For any set A and B, we have
(AuB=BuUAand (il AnB=BnA
i.e. union and intersection are commutative.
13.4 Associative operation :
If A, B and C are any three sets then
MHAuUB)UC=AUuBUC)
(i) (AnB)nC=ANn(BNC)
i.e. union and intersection are associative.
13.5 Distributive operation :
If A, B and C are any three sets then
MHAUBNC)=(AuB)N(AuUC)
(iAn(BuUC)=(AnB)U(ANC)
i.e. union and intersection are distributive over intersection and union respectively.
13.6 De-Morgan’s Principle :
If A and B are any two sets, then
H(AuB)Y=A"NnB’
iy (AnB)Y=A"UB’




Proof : M Let X be an arbitrary element of
(AuB) .Thenx e (AUB) =x¢ (AuUB)

=>x¢Aandx ¢ B =>xeA NnB

Again let y be an arbitrary element of A N B'. Then
ye AAnB’

=>yeAandye B’ =>ye¢Aandy ¢ B

=>ye¢ (AUB) =ye(AuB)

LA NB c(AuB).
Hence (AUB) =A'nB’
Similarly (ii) can be proved.

Relation

Arelation R fromset X to Y (R : X — Y) is a correspondence between set X to set Y by which some or more elements
of X are associated with some or more elements of Y. Therefore a relation (or binary relation) R, from a non-empty set
X to another non-empty set Y, is a subset of X x Y. i.e. Ry : X — Y is nothing but subset of A x B.

e.g. Consider a set X and Y as set of all males and females members of a royal family of the kingdom Ayodhya X =
{Dashrath, Ram, Bharat, Laxman, shatrughan} and Y = {Koshaliya, Kakai, sumitra, Sita, Mandavi, Urmila, Shrutkirti}
and a relation R is defined as “was husband of ”from set X to set Y.

Sumitra
Kaki
Urmila

Sita
Mandavi
Shrutkirti

k X Y /
Then Ry = {(Dashrath, Koshaliya), (Ram, sita), (Bharat, Mandavi), (Laxman, Urmila), (Shatrughan, Shrutkirti),
(Dashrath, Kakai), (Dashrath, Sumitra)}

Laxman
Shatrughan

Note :

(i) Ifaisrelated to b then symbolically it is written as a R b where a is pre-image and b is image

(if) Ifais not related to b then symbolically it is writtenasa R b.

14.1 Domain, Co-domain & Range of Relation :

Domain : of relation is collection of elements of the first set which are participating in the correspondence i.e. it is set
of all pre-images under the relation R. e.g. Domain of Ry : {Dashrath, Ram, Bharat, Laxman, Shatrughan}

Co-Domain : All elements of set Y irrespective of whether they are related with any element of X or not constitute co-
domain. e.g. Y = {Koshaliya, Kakai, Sumitra, Sita, Mandavi, Urmila, Shrutkirti} is co-domain of Ry.

Range : of relation is a set of those elements of set Y which are participating in correspondence i.e. set of all images.
Range of Ry : {Koshaliya, Kakai, Sumitra, Sita, Mandavi, Urmila, Shrutkirti}.

Types of Relations

15.1 Reflexive Relation

R: X — Y issaid to be reflexive iff x R x V x € X. i.e. every element in set X, must be a related to itself therefore V x
€ X; (X, X) € R then relation R is called as reflexive relation.

15.2 ldentity Relation :




Let X be a set. Then the relation Ix = {(x, X) : X € X} on X is called the identity relation on X. i.e. a relation Ix on X is
identity relation if every element of X related to itself only. e.g. y = x

Note :  All identity relations are reflexive but all reflexive relations are not identity.
15.3 Symmetric Relation

R : X - Y is said to be symmetric iff (x, y) € R
= (v, X) € R for all (X, y) € R ie. X R y
=y R xforall (x,y) € R. e.g. perpendicularity of lines in a plane is symmetric relation.

15.4 Transitive Relation

R : X - Y is transitive iff (%, y) € R and (v, 2) € R
= (X,2) e Rforall (x,y)and (y, z) e R.i.e. xRy andy Rz = x R z. e.g. The relation “being sister of ” among the
members of a family is always transitive.

Note :

(i) Every null relation is a symmetric and transitive relation.

(if) Every singleton relation is a transitive relation.

(iif) Universal and identity relations are reflexive, symmetric as well as transitive.
15.5 Anti-symmetric Relation

Let A be any set. A relation R on set A is said to be an antisymmetric relation iff (a, b) € R and (b, @) € R
—a=bforalla b € A eg Relations “being subset of ”’; “is greater than or equal to” and “identity relation on any set A” are
antisymmetric relations.

15.6 Equivalence Relation

Acrelation R fromaset X to set Y (R : X — Y) is said to be an equivalence relation iff it is reflexive, symmetric as well
as transitive. The equivalence relation is denoted by ~ e.g. Relation “is equal to” Equality, Similarity and congruence
of triangles, parallelism of lines are equivalence relation.

Inverse of a Relation |

Let A, B be two sets and let R be a relation from a set A to B. Then the inverse of R, denoted by
R , is a relation from B to A and is defined by
Rt ={(b, a): (a, b) € R}, Clearly,

(a,b) e R< (b, a) e R Also,
Dom of R = Range of R and
Range of R = Dom of R!




SOLVED EXAMPLES

Ex.1

Sol.

Ex.2
Sol.

Ex.3

Sol.

Ex.4

Sol.

Ex.5

Sol.

If a set A = {a, b, c} then find the number of
subsets of the set A and also mention the set of all
the subsets of A.
Since n(A) =3

number of subsets of A is 23 =8
and set of all those subsets is P(A) named as
power set

P(A):{¢.{a},{b}.{c}.{ab},{b,c}.{ac}{ab.c}}

Show that n {P[P(¢)]} = 4

We have P(¢9) = {¢} .. P(P(¢)) ={¢, {0}}

= PPN ={ ¢, {6} {{o3}} {0, {¢3}}-
Hence, n{P[P(¢)]} =4

Ex.6
If A ={x :x=2n+ 1, n € Z and Sol
ol.
B={x:x=2n,n e Z}, then find A U B.
AUB ={x:xisan odd integer} U {x : x is an Ex.7

even integer} = {x : X is an integer} =Z

IfA={x:x=3n,ne Z}and
B ={x:x=4n,n e Z} then find A n B.
We have, Sol.
XxeANB ©x=3n,neZand x=4n,ne ”Z
< xisamultiple of 3and x is a
multiple of 4
< x is a multiple of 3 and 4 both
< x is a multiple of 12 < x = 12n,
neZz
Hence AnNB={x:x=12n,n e Z}

If A and B be two sets containing 3 and 6
elements respectively, what can be the minimum

number of elements in A u B? Find also, the Ex38

maximum number of elements in A U B.

We have, n(A u B) =n(A) + n(B) — n(A n B). Sol
ol.

This shows that n(A U B) is minimum or
maximum according as n(A N B) is maximum or
minimum respectively.

Case-I

When n(A n B) is minimum, i.e, (AN B)=0
This is possible only when A N B = ¢.
In this case,
n(AuB) = n(A)+ n(B) — 0=n(A)+n(B)=3+6=9.
So, maximum number of elements in AU B is 9.
Case-11
When n(A N B) is maximum.
This is possible only when A < B. In this case,
n(AnB)=3
n(A U B) =n(A) + n(B) - n(A N B)
=(3+6-3)=6
So, minimum number of elements in A U B is 6.

IfA={234,56,7tandB={3,5,7,09, 11, 13}
then find A—-B and B — A.
A-B={2,4,6}&B-A={9, 11, 13)

If the number of elements in A is m and number
of element in B is n then find
(i) The number of elements in the power set of
A x B.
(i) number of relation defined from A to B
(i) Since n(A) =m; n(B) =n
thenn(A x B)=mn
So number of subsets of A x B =2™Mn
= n(P(AxB))=2mn
(i) number of relation defined from A to B =2mM"
Any relation which can be defined from set A to
set B will be subset of A x B

-+ A x B is largest possible relation A — B

*. no. of relation from A — B = no. of subsets of
set (A x B)

Let A and B be two non-empty sets having
elements in common, then prove that A x B and
B x A have n? elements in common.

Wehave (AxB)n(CxD)=(AnC)x (BN D)
On replacing C by B and D by A, we get

= (AXxB)n(BxA)=(AnB)x(BnA)

It is given that AB has n elements so
(A N B) x (B N A) has n? elements




Ex.9

Sol.

Ex.10

Sol.

Ex.11

Sol.

Ex.12

But(AxB)n(BxA)=(ANnB)x(BnA)
. (A x B) n (B x A) has n2 elements
Hence A x B and B x A have n2 elements in
common.
Let R be the relation on the set N of natural
numbers defined by
R:{(x,¥)} :x+3y=12 x e N,y € N} Find
(R (ii) Domain of R
(iii) Range of R
(i) We have, x +3y =12 = x =12 - 3y
Puttingy =1, 2, 3, we get x =9, 6, 3 respectively
For y = 4, we get x = 0 ¢ N. Also for
y>4,xe¢N

R={(9.1),(6 2), 3 3)}
(i)  Domainof R={9, 6, 3}
(iii) Range of R ={1, 2, 3}

If X = {X1, X9, X3} and y = (Xq, Xy, X3,X4,X5} then
find which is a reflexive relation of the following :
(@) Ry {(X1, Xq), (X5, X5)

(0) Ry = {(X1, Xq)s (X5, X5), (X3, X3)

(€) Ry {(X1,X1), (X5, X9),(X3, X3),(X1, X3),(Xo, X4)
(d) Ry : {(xq, X1), (X0 %), (Xg, Xg), (X4 X4)

(a) non-reflexive because (X3, X3) ¢ Ry

(b) Reflexive
(c) Reflexive
(d) non-reflexive because x4 ¢ X

Ifx={a b, ctandy={a, b, c, d, e, f} then find
which of the following relation is symmetric
relation :

Ry :{}i.e. void relation

R, : {(a, b)}

R5:{(a, b), (b, a)(a, c)(c, a)(a, a)}

R, is symmetric relation because it has no
element in it.

R, is not symmetric because (b, &) € R,
& R is symmetric.

Ifx={a b, ctandy=(a b, c, d, e} then which
of the following are transitive relation.

@Ry ={}

(b) Ry ={(a a)}

Sol.

Ex.13

Sol.

Ex.14

Sol.

() Rz ={(a a}.(c, d)}

(d) Ry ={(a b), (b, c)(a c).(a a), (c, a)}

(@) Ry istransitive relation because it is null
relation.

(b) R, is transitive relation because all

singleton relations are transitive.
(c) Rjis transitive relation

(d) Ry isalso transitive relation

Let R be a relation on the set N of natural
numbers defined by xRy < x divides y’ for all x,
y € N.

This relation is an antisymmetric relation on set
N. Since for any two numbers a, b e N.
a|badb|a=a=hb, ie, aR Db and
bRa =a=h.

It should be noted that this relation is not
antisymmetric on the set Z of integers, because
we find that for any non zero integer a a R (a) and
(-a) Ra, buta=—a.

Prove that the relation R on the set Z of all
integers numbers defined by (X, y) e R< x -y is
divisible by n is an equivalence relation on Z.

We observe the following properties

Reflexivity :

For any a € N, we have
a—-—a=0xn= a - a is divisible by
n=(aeR

Thus (a, a) R for all Z. so, R is reflexive on Z.
Symmetry :

Let (a, b) € R. Then (3, b) e R = (a — b)
is divisible by n

= (@a-b)=npforsomep e Z=b-a=n(-p)
= b-aisdivisiblebyn = (b,a) eR

Thus (a,b) e R= (b,a) e Rforalla, b, € Z

So R is symmetric on Z.

Transitivity :

Leta,b,c e Zsuchthat (a b) e Rand (b, c) e R.

Then (a,b) e R = (a—b) isdivisible by n
—a-b=npforsomepeZ
(b, ¢) € R= (b—c) is divisible by n
=b-c=npforsomeqeZz

(a,b) e Rand (b,c) e R




Ex.15

Sol.

=a-b=npandb-c=nq
=@-b)+(-c)=np+nq

=a-c=n(p+q)

= a-—cisdivisiblebyn=(a,c) e R

Thus (8, b) e Rand (b,c) e R= (a,¢) e R for
all a, b, ¢ € Z. So Ris transitive relation on Z.
Thus, R being reflexive, symmetric and transitive is
an equivalence relation on Z.

Let a relation R, on the set R of real numbers be
defined as (a, b) € Ry < 1 + ab > 0 for all a,
b e R. Show that R, is reflexive and symmetric
but not transitive.

We observe the following properties :

Reflexivity :

Let a be an arbitrary element of R. Then
aeR=1l+a.a=1+a2>0=>(a,a) eR;
Thus (a, a) € Ry for all a € R. So Ry is reflexive
onR.

Symmetry :

Let (a, b) € R. Then

(a,b)eRy=1+ab>0 =1+ba>0

= (b,a) e Ry

Thus (a, b) € Ry = (b,a) e Ry foralla,b e R
So R; is symmetric on R

Transitive :

We observe that (1, 1/2) € Ry and (1/2, -1) € R; but

(1-1) e Ry because 1 +1 x (-1) =0»0. So Ry is

not transitive on R.

Ex.16 Let A be the set of first ten natural numbers and

Sol.

let R be a relation on A defined by
x, y) e X + 2y = 10 e,
R={(x,y) : xe A,y € Aand x + 2y = 10}.
Express R and R1 as sets of ordered pairs.
Determine also :

R <

(i) Domains of R and R1

(i) Range of R and R1

We have (X, y) e Reox+2y=10 <y = X,
yeA

where A ={1,2,3,4,5,6,7,8,9,10}
Now,x=1=y= ¢ A

This shows that 1 is not related to any element in
A. Similarly we can observe that 3, 5, 7, 9 and 10
are not related to any element of a under the
defined relation. Further we find that
forx=2,y= %:4eA (2,4 eR

forx=4,y= 10T_4:3eA - (4,3)eR

forx:6,y:¥ =2ecA . (6,2 R

10-8

forx=8y="—"—=1cA - (81)¢<R

Thus R ={(2, 4), (4, 3), (6, 2), (8, 1)}

= R1={(4, 2), (3, 4),(26) (18}

Clearly, Dom (R) = {2, 4, 6, 8} = Range (R1)
and Range (R) = {4, 3,2,1} =Dom (R1)




